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Abstract
We consider the twistor description of conformal higher spin theo-
ries and give twistor space actions for the self-dual sector of theories
with spin greater than two that produce the correct flat space-time
spectrum. We identify a ghost-free subsector, analogous to the em-
bedding of Einstein gravity with cosmological constant in Weyl grav-
ity, which generates the unique spin-s three-point anti-MHV ampli-
tude consistent with Poincare´ invariance and helicity constraints.
By including interactions between the infinite tower of higher-spin
fields we give a geometric interpretation to the twistor equations of
motion as the integrability condition for a holomorphic structure on
an infinite jet bundle. Finally, we introduce anti-self-dual interaction
terms to define a twistor action for the full conformal higher spin
theory.
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1 Introduction
Maxwell’s theory of electromagnetism, describing massless spin-one fields, is confor-
mally invariant in four-dimensions. While this property is not shared by Einstein’s
theory of gravity, Weyl gravity and its supersymmetric generalisations [1, 2] provide
examples of conformally invariant spin-two theories. Conformal higher spin theories
(CHS) with s > 2 have been previously studied at the quadratic level by Fradkin and
Tseytlin [2] in four dimensions. The spin-s theory can be formulated in terms of a
rank-s completely symmetric, traceless field, φ(µ1...µs)(x), with the gauge symmetry
δφµ1...µs(x) = ∂(µ1ǫµ2...µs)(x)− traces (1)
where ǫµ1...µs−1 is an arbitrary rank-(s− 1) symmetric, traceless field, and the varia-
tion only involves the trace-free combination with the derivative. It was also shown
that it is possible to write a gauge invariant quadratic action in terms of a differential
operator P (µ1...µs)(ν1...νs)(∂) of order-2s in derivatives
Ss[φ] =
∫
d4xφµ1...µsP
(µ1...µs)(ν1...νs)(∂)φν1...νs (2)
where P (µ1...µs)(ν1...νs) = P (ν1...νs)(µ1...µs), P µ1µ1
... = 0 and P µ1...∂µ1 = 0 . This action
results in higher derivative equations of motion which have s(s+1) on-shell degrees
of freedom. These theories were further studied first at the cubic level by Fradkin
and Linetsky [3] and subsequently by Segal [4] who proposed a complete, non-linear
interacting theory involving a single copy of each spin-s field, s = 1, 2, 3 . . . , and a
massless scalar.
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3Due to the presence of higher derivatives these theories fail to be unitary, and
so their relevance as a starting point for a microscopic quantum theory is at best
questionable. However they do play an important role in the study of conformal
field theories (CFT), particularly in the context of the AdS/CFT correspondence.
Here the higher-spin fields act as external sources and, after integrating out the
CFT fields, the effective action, Weff , is a functional of the higher-spin fields. For
example, in the case of N = 4 super-Yang-Mills (SYM) on a curved background [5]
the effective action, after integrating out the SYM fields, consists of a logarithmically
divergent piece Wdiv and a finite pieceWfin. Wdiv is a functional of the fields forming
the N = 4 conformal supergravity multiplet, collectively denoted G, and is exactly
the action of N = 4 conformal supergravity
Wdiv[G] =
N2
4(4π)2
ln ΛSCSG[G] , (3)
where N is the rank of the SYM gauge group, and Λ is the UV cutoff. In the
limit where the N = 4 SYM is taken to be free there are infinitely many conserved
traceless bilinear currents which can be coupled to conformal higher-spin fields, col-
lectively denoted φ. Expanding the resulting divergent part of the effective action,
Wdiv[φ], to quadratic order in higher-spin fields one finds, see [6], a sum over the free
CHS actions (2) of each spin. A related case is that of the free O(N) vector model
consisting of N massless complex scalar fields, χi. This model is conjectured [7] to
be dual to Vasiliev’s higher spin theory [8] on AdS space-time. One can minimally
couple the free theory to an infinite set of symmetric, traceless Noether currents,
Jµ1...µs ∼ χ∗i ∂µ1 . . . ∂µsχi, and the corresponding effective action, which depends on
the infinite tower of higher-spin source fields, acts as the generating functional for
connected correlation functions of the currents
W [φ] = N log det(−∂2 +∑
s
φµ1...µsJ
µ1...µs) . (4)
The UV divergent part of this effective action can be taken as defining a consistent
interacting theory of conformal higher-spin fields [6, 4, 9].
It is interesting to try to find alternative formulations of these CHS theories that
might illuminate some underlying structures or which are simply more convenient
for calculations. Given the deep connections between twistors, the conformal group
and conformal geometry 1 , it natural to ask if there is a twistor description of con-
formal higher spin theories. Starting from the work of Witten [14] on twistor string
theory the cases of spin-one, Yang-Mills, and spin-two, Weyl gravity, have been well-
studied. Of particular relevance to our considerations are the twistor space actions
for these theories, which will provide a model for the higher-spin case. Self-dual
N = 4 super-Yang-Mills theory [15, 16] was reformulated by Witten [14] as a holo-
morphic Chern-Simons theory on the super-twistor space CP3|4. Focusing on the
1 There are several excellent introductory textbooks to twistors, e.g. [10], and reviews e.g.
[11, 12, 13]; we will mostly use the notations of [12].
4non-supersymmetric gauge fields, this involves (0, 1)-forms A and G on CP3, taking
values in the Lie algebra of GL(N,C) and which are respectively homogeneous of
degree zero and −4 in the bosonic CP3 coordinates.
The action is
S =
∫
CP
3
Ω ∧ Tr(G ∧ (∂A+ A ∧ A)) , (5)
where Ω is a holomorphic (3, 0)-form of degree four, and ∂ is the Dolbeault operator
on CP3. The extension of the twistor space action to the full theory was studied by
Mason in [17] and found by Boels, Mason and Skinner in [18]. Based on considera-
tions from twistor string theory, twistor actions for the self-dual sector of conformal
gravity were proposed by Berkovits and Witten in [19], and the extension to the
full theory was also proposed by Mason in [17] and further studied by Adamo and
Mason [20, 21]. A related twistor action for Einstein gravity was studied in [22].
These actions are motivated in large part by the non-linear graviton construction
of Penrose [23], which provides a means to identify curved twistor spaces, PT , with
self-dual space-times, that is those for which the anti-self-dual Weyl spinor vanishes
ΨABCD = 0 . Curved twistor spaces can be thought of as locally the same as flat
twistor space PT = CP3 but with the complex structure deformed. A useful way to
describe the deformed complex structure [24] is to modify the Dolbeault operator ∂.
Given homogeneous coordinates Zα, α = 0, 1, 2, 3, on some patch, we can define a
background, undeformed complex structure by the operators
∂ = dZα
∂
∂Zα
, ∂ = dZ
α′ ∂
∂Z
α′
, (6)
which naturally defines the splitting of the complex tangent space into (1, 0) and
(0, 1) parts. We can deform the complex structure by adding elements of T (1,0) to
T (0,1), that is we define a new, deformed Dolbeault operator
∂f = ∂ + f , (7)
where f is a (1, 0)-vector valued (0, 1)-form, f = fαα′ dZ
α′ ⊗ ∂
∂Zα
.
The integrability condition for this new complex structure is the Kodaira-Spencer
equation:
∂
2
f ≡ Nα∂α = (∂fα + fβ ∧ ∂βfα)∂α = 0 . (8)
It is often convenient to think of our fields as living on the non-projective twistor
space, T , in which case we must restrict to deformations which preserve the Euler
vector E = Zα∂α, in the sense that £fE = −£Ef = 0 , or equivalently, fα is of
homogeneity degree one in Zα and we must make the identification of the vector
field f under shifts proportional to the Euler vector field
f → f + ΛE , (9)
5where Λ is a (0, 1)-form of homogeneity degree zero in Zα. We can fix this gauge
invariance by demanding that the deformation preserves the volume form dΩ on T ,
which imposes ∂αf
α = 0 .
It is possible to write an action for which the corresponding equations of motion
imply the integrability of the complex structure [19]. This can be done in a coordi-
nate independent fashion [17] or by introducing a particular background and using
explicit coordinates [21]. The action functional on twistor space is given in terms
of a Lagrange multiplier field g ∈ Ω3,0(PT ,Ω1,1(PT )) , imposing the constraint
corresponding to integrability of the deformed complex structure.
Introducing an appropriate basis (or working in abstract index notation) such
that the components fields are fα and gΩα = gα ∧ Ω, where Ω is the holomorphic
volume form, we can write the action as
S s.d.[f, g] =
∫
PT
gΩα ∧Nα . (10)
The equations of motion following from the action are the integrability conditions
for the deformed Dolbeault operator and
∂fg
Ω
α ≡ ∂gΩα + gΩβ ∧ ∂αfβ + ∂β(gΩα ∧ fβ) = 0 . (11)
As the field g must be defined on PT , we additionally have the constraint ι(E)g = 0 ,
and with this constraint the action has the gauge invariance (9).
In general the field g describes an anti-self-dual excitation moving in a self-dual
background. Treating the fields as small deformations of the undeformed twistor
space, we can focus on the linearised theory. We now have fα ∈ Ω0,1(PT,O(1)) ,
and gα ∈ Ω0,1(PT,O(−5)) i.e. a (0, 1)-form of homogeneity −5 . The equations of
motion reduce to
∂fα = 0 and ∂gα = 0 . (12)
Additionally, the gauge invariance of the action demonstrated in [17] becomes gα →
gα + ∂χ where χ is a section of O(−4). Consequently, on-shell, we can interpret
gα as defining an element in the ∂-cohomology group H
0,1(PT,O(−5)), and so by
the Penrose transform gα corresponds to a helicity −2 particle. To include the self-
interactions of the anti-self-dual fields and to consider amplitudes with more than a
single helicity −2 particle one must include additional terms in the action [17].
It is this construction that we wish to generalise to higher spins by considering
deformations corresponding to higher-rank symmetric tensors. Starting with the
spin-three case we propose Maurer-Cartan-like equations of motion for the defor-
mations, and by introducing an appropriate Lagrange multiplier field we define a
twistor space action describing the self-dual sector. The twistor fields can be defined
for a general curved twistor space and so define higher-spin fields in an arbitrary
self-dual geometry. However to understand the space-time interpretation we focus
on the flat twistor space case, in particular showing that the twistor fields give rise,
6via the Penrose transform, to space-time fields satisfying the zero-rest-mass equa-
tions for a spin-three field. To make the identification between twistor fields and
space-time fields clearer we construct the space-time action for the self-dual sector
of the higher spin theory at the quadratic level. Finally we demonstrate that, after
accounting for the gauge freedom, the on-shell spectrum matches with that of [2].
As in the spin-two case, the on-shell representation of the Poincare´ algebra is
not diagonalisable which is a manifestation of the failure of the theory to be uni-
tary. Maldacena [25] has argued that conformal gravity with appropriate boundary
conditions is classically equivalent to Einstein gravity with a non-zero cosmological
constant, Λ 6= 0. This implies [20] that Einstein gravity amplitudes can be calcu-
lated in conformal gravity by restricting to the asymptotic states of Einstein gravity
and accounting for the appropriate powers of the cosmological constant. Adamo
and Mason [26, 21] studied supergravity scattering amplitudes by performing such
a truncation of conformal gravity in the twistor space description and were able to
show that the resulting determinant formulae was directly related to Hodges’ for-
mula [27]. We perform an analogous truncation on the higher-spin action to identify
a “unitary” sub-sector of CHS theory. At the quadratic level this sector has the
usual Fronsdal [28, 29, 30] spectrum of massless higher spins and we show that the
MHV three-point amplitude agrees with the constraints from Poincare´ invariance
[31].
In order to interpret the higher-spin deformation in a geometric sense we must
include an infinite number of interacting higher-spin fields. This is because once we
go beyond the spin-two case the Maurer-Cartan equations for a single spin can no
longer be interpreted as the integrability condition for a holomorphic structure on
a vector bundle. This can be rectified by including an infinite tower of interacting
spins and by interpreting the deformations as acting on the corresponding infinite
jet bundle of the space of symmetric products of the (co)tangent bundle. We discuss
this formulation in section 4. Finally in section 4.2 we describe additional terms to
be added to describe the interactions of the anti-self-dual fields extending the action
to the full higher spin theory.
2 Spin-Three Fields
2.1 Spin-Three Fields in Twistor Theory
We start our study of the higher spin theory with the case of spin-three fields.
We again pick some background twistor space T and its projective version PT .
We will often take T to be flat twistor space T, however, if we wish to consider
higher-spin fields on a general self-dual background, it will be the corresponding
curved twistor space. We give a brief review of some salient aspects of curved
twistor spaces and a description of our notations in appendix A. We will take Zα
to be homogeneous coordinates on the background twistor space. The complex
7deformations corresponding to the spin-two case discussed in the introduction are
(0, 1)-forms taking values in the (1, 0) part of the tangent space, that is they are
elements of Ω0,1(PT , T 1,0(PT )). We now consider deformations corresponding to
(0, 1)-forms taking values in symmetric products of the tangent space, that is they
are elements of Ω0,1(PT , Sym2(T 1,0(PT ))),
f (2) = fαβ∂α ⊗ ∂β . (13)
This twistor field will be interpreted in space-time as a massless spin-three field and
we will refer it as such. As it is in fact defined on projective space, rather than the
full twistor space, we must make the identification analogous to (9) for the field f
f (2) → f (2) + E ⊗ Λ + Λ⊗ E , (14)
where Λ ∈ Ω0,1(PT , T 1,0(PT )) is now vector-valued, and E is again the background
Euler vector field. More particularly, we consider an operator
∂f : Ω
p,q(PT )→ Ωp,q+1(PT ) (15)
acting on forms k ∈ Ω0,1(PT ) as
k 7→ ∂k + fαβ ∧ ∂α∂βk ∈ Ω0,2(PT ) . (16)
Such an operator can be naturally viewed as a deformation of the Dolbeault operator,
however, due to the presence of higher derivatives, it is not a derivation.
We will impose the condition that the deformation f satisfies the equation
N (2) ≡
(
∂fαβ + fγδ ∧ ∂γ∂δfαβ
)
∂α∂β = 0 . (17)
This condition does not imply ∂
2
f = 0 ; however, as we will see later, this failure can
be compensated by including an infinite tower of higher-spin fields. The necessity of
such an infinite tower is unsurprising given known results in space-time formulations.
However, we will postpone a discussion of this, and here only consider the self-
interactions of the spin-three fields.
As for the spin-two case, to define an action functional we introduce a corre-
sponding Lagrange multiplier field g which takes values in the dual space, i.e.
g(2) ∈ Ω0,1(PT , Sym2(T ∗,1,0(PT )))⊗ Ω . (18)
As before, Ω is a section of Ω3,0(PT)⊗O(4) , and we thus have
g(2) = (gαβ ∧ Ω)⊗ dZα ⊗ dZβ , (19)
where gαβ = g(αβ) ∈ Ω0,1(PT ,O(−6)) . To ensure the appropriate gauge invariance
we impose the constraint gαβZ
α = 0 . The twistor space action for the self-dual
sector is proposed to be the obvious analogue of the spin-two case
S s.d.
[
f (2), g(2)
]
=
∫
PT
Ω ∧ gαβ ∧
(
∂fαβ + fγδ ∧ ∂γ∂δfαβ
)
, (20)
8from which follows that N (2),αβ = 0 as required, and also
∂gΩαβ + g
Ω
γδ ∧ ∂α∂βfγδ − ∂γ∂δ(gΩαβ ∧ fγδ) = 0 , (21)
where gΩγδ = gγδ ∧ Ω . In local holomorphic coordinates, Zα, we will often write
Ω = D3Z , where D3Z is the usual weight four holomorphic volume form.
We will next be interested in understanding the spectrum of this action corre-
sponding to its quadratic approximation about a given background. We thus focus
on the linearised equations of motion, which are straightforwardly given by
∂fαβ = 0 and ∂gαβ = 0 . (22)
Also at the linearised level, the action has the additional gauge invariance gαβ →
gαβ + ∂χαβ . Consequently, we can think of gαβ as defining an element in the Dol-
beault cohomology H0,1(PT ,O(−6)), satisfying gαβZα = 0 .
2.2 Space-Time Interpretation
In the twistor description of conformal gravity we start with two tensor-valued forms,
fα(Z) and gα(Z), defined on PT of homogeneity degree 1 and −5 respectively.
These fields correspond, via the Penrose transform, to the space-time anti-self-dual
Weyl spinor ΨABCD, which vanishes for self-dual backgrounds, and the Lagrange
multiplier field ΓABCD, which satisfies a second order equation of motion [17]. In
the higher-rank spin-three generalisation above, we have the fields fα1α2(Z), of ho-
mogeneity degree 2, and gα1α2(Z), of homogeneity degree −6. The zero-rest-mass
equations on space-time can be found by using the Penrose transform for such ten-
sors as described in [32], or see [12] for a recent review.
In order to consider the Penrose transform of such tensors it is necessary to choose
a specific frame. We will focus on the case of flat space-time M , and so consider
the twistor fields as deformations of flat twistor space, however it is straightforward
to generalise to deformations of an arbitrary curved twistor space and so find the
spin-three fields. We consider the bundle
T
α′ → PT(M) (23)
whose local holomorphic sections are represented by vector fields T on T(M), satis-
fying
[E, T ] = −T and [E, T ] = 0 , (24)
where E is the Euler vector field. This can be considered as the pull-back of the
local twistor bundle Tα → M with fibre coordinates (λA, µA′). Choosing a basis on
Tα′, which we denote δαα, α = 0, 1, 2, 3, such that
δαα
∂
∂Zα
(25)
9is a global holomorphic frame, the components of the tensors corresponding to the
spin-two and spin-three fields with respect to the frame (or its dual) are
fα , gα , f
α
1
α
2 , gα
1
α
2
, etc . (26)
For each component we can perform the Penrose transform. Considering the spin-
three case we have a (0, 1)-form-valued tensor gα
1
α
2
whose components have homo-
geneity −6. This corresponds to the case in [32] of a tensor with homogeneity m−2 ,
with m < 0, and so in the Penrose transform when performing the integration over
the projective complex line X ≃ CP1, corresponding to the space-time point x,
G(α
1
α
2
)(B1...B4) =
1
2πi
∫
X
gα1α2λB1 . . . λB4
∣∣∣
X
∧Dλ , (27)
we include four factors of λA, the homogeneous coordinates on X, to compensate
for the weight of gα1α2 and holomorphic measure on X Dλ = 〈λ dλ〉 . The resulting
space-time field G(α
1
α
2
)(B1...B4) satisfies the zero-rest-mass equation
∇B′1B1G(α1α2)(B1...B4) = 0 . (28)
Due to the specific choice of frame we can think of the twistor space tensor indices
as local twistor indices. In particular the covariant derivative acts on the tensors
with twistor indices by the local twistor connection, which for flat space gives
∇B′1B1GA′
1
A′
2
B1...B4 = 0 , (29)
∇B′1B1GA1A′
2
B1...B4 − iǫB1A1GB
′
1
A′
2
B1...B4 = 0 ,
∇B′1B1GA2A′
1
B1...B4 − iǫB1A2GB
′
1
A′
1
B1...B4 = 0 ,
∇B′1B1GA1A2B1...B4 − iǫB1A1GB
′
1
A2
B1...B4 − iǫB1A2GB
′
1
A1
B1...B4 = 0 .
We can use these to determine all the components of G(α1α2)(B1...B4) in terms of
the derivatives of the fields GA1A2B1...B4 . Furthermore we must impose the twistor
space constraint on the Lagrange multiplier field Zα1gα
1
α
2
= 0 , which corresponds
to acting with a helicity lowering operator and imposes the space-time condition
GA1α
2
A1...B4 = 0 , (30)
namely that the field GA1A2B1...B4 is symmetric in all its indices. Using this and (29)
we find that the anti-self-dual field satisfies the third-order equations
∇A′1A1∇A′2A2∇A′3A3GA1A2A3A4A5A6 = 0 , (31)
which is to say that GA1A2A3A4A5A6 satisfies the zero-rest-mass equation for a spin-
three field.
As the tensor field fα1α2 has homogeneity m − 2 = 2, m > 0, in a general
background it transforms into a potential. This is exactly analogous to the conformal
10
gravity spin-two case where the field fα of homogeneity one describes the chiral Weyl
spinor ΨABCD , see [33]. In the linearised spin-two theory the relationship with the
metric fluctuation, hABC′D′ , is given by
ΨABCD = ∇C′(C∇D
′
D hAB)C′D′ . (32)
This arises by taking the Penrose transform of fα which gives the potential ΣαB1B2C′,
which can be decomposed as
ΣαB1B2C′ =
(
Σ˜(AB1B2)C′ , ihB1B2
A′
C′
)
, (33)
where the symmetry in the unprimed indices follows from using the gauge symmetry
of fα → fα+ZαΛ . The condition that the solution be self-dual, that is ΨABCD = 0,
follows from the condition on the potential
∇C′(CΣαB1B2)C′ = 0 , (34)
and by using the local twistor connection as above. In the spin-three case we will
have a higher-rank potential
Σα1α2B1B2B3C′ , (35)
which will give rise to fields analogous to the metric fluctuations φA1A2A3
B′
1
B′
2
B′
3 ,
which satisfy a condition ΓA1A2A3B1B2B3 = 0, where ΓA1A2A3B1B2B3 is the spin-three
analogue of the Weyl spinor, ΓA1A2A3B1B2B3 , with higher numbers of derivatives
ΓA1A2A3B1B2B3 = ∇A
′
1
(A1
∇A′2A1∇
A′
3
A3
φB1B2B3)A′1A′2A′3 . (36)
It is interesting to relate this description of a self-dual sector of the conformal spin-
three theory, even at just the quadratic level, with the usual formulation of conformal
higher spin theory, both to make the relation clearer and to let us use this connection
to motivate an action for the full theory.
A linearised space-time action: As we have seen, the higher spin twistor theory
gives a space-time analogue of the anti-self-dual Weyl spinor ΓA1A2A3B1B2B3 . Moti-
vated by this we consider the combination of self-dual and anti-self-dual spinor fields
ΓA1A2A3B1B2B3 and Γ˜A′1A′2A′3B′1B′2B′3 and we define the field strength
Ca1b1a2b2a3b3 = ǫA′1B′1ǫA′2B′2ǫA′3B′3ΓA1A2A3B1B2B3 + ǫA1B1ǫA2B2ǫA3B3Γ˜A′1A′2A′3B′1B′2B′3 .
(37)
This tensor is anti-symmetric in each pair (ai, bi) for i = 1, 2, 3 and symmetric
between pairs (ai, bi) ↔ (aj , bj) for i 6= j. Moreover, if we contract over a pair of a
or b indices we find zero, for example
Ca1b1a1b2a3b3 = 0 . (38)
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This is essentially the spin-three example of the higher-spin curvatures introduced
by Weinberg [34], which are equivalent to those introduced by de Wit and Freedman
[30]; for the relation between these formulations and further relevant discussion see
[35].
We can reformulate this in a notation closer to that used by Fradkin and Tseytlin
in their discussion of quadratic higher spin theory [2] by introducing a potential for
this field strength, φb1b2b3 , which is symmetric and pairwise traceless in its indices.
The field strength
Ca1b1a2b2a3b3 = ∂a1∂a2∂a3φb1b2b3 − ∂b1∂a2∂a3φa1b2b3 ± permutations (39)
is found by anti-symmetrising on pairs of indices ai, bi. We can naturally form a
Lagrangian density quadratic in the field strength
Lspin−3 = 1
64
Ca1b1a2b2a3b3Ca1b1a2b2a3b3 . (40)
Rewriting this in terms of the potential and neglecting total derivative terms we
have
1
8
φc1c2c3P b1b2b3c1c2c3
(

3δa1b1 δ
a2
b2
δa3b3 − 32∂a1∂b1δa2b2 δa3b3 + 3∂a1∂a2∂b1∂b2δa3b3
− ∂a1∂a2∂a3∂b1∂b2∂b3
)
P d1d2d3a1a2a3 φd1d2d3 ,
where P a1a2a3b1b2b3 projects onto symmetric, pairwise traceless tensors. Thus we can write
the Lagrangian
Lspin−3 = 1
2
φb1b2b3Da1a2a3b1b2b3 φa1a2a3 (41)
in terms of a kinetic operator Da1a2a3b1b2b3 which is symmetric, pairwise traceless and
transverse, that is satisfying
Da1a2a3b1b2b3 ∂a1 = 0 . (42)
The generalisation of this construction to higher-spin fields is immediate, and the
resulting Lagrangian has the form of the conformal higher spin theory described in
[2].
In terms of the spinor fields the quadratic action for spin-three fields is
Sspin−3 =
1
λ
∫
d4xLspin−3 = 1
8λ
∫
d4x
(
ΓA1...B3ΓA1...B3 + Γ˜
A′
1
...B′
3Γ˜A′
1
...B′
3
)
, (43)
where we have introduced a dimensionless parameter, λ.
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A self-dual sector: The action for conformal gravity can be expressed in terms
of ΨABCD and its dual Ψ˜A′B′C′D′ as
Sspin−2 =
1
λ
∫ √
g d4x (ΨABCDΨABCD + Ψ˜
A′B′C′D′Ψ˜A′B′C′D′) . (44)
By adding a topological term this action can be written as [19]
Sspin−2 =
1
4λ
∫ √
g d4xΨABCDΨABCD , (45)
=
∫ √
g d4xGABCDΨABCD − λ
∫ √
g d4xGABCDGABCD . (46)
The λ → 0 limit describes the self-dual sector of the theory, while the second term
describes the self-interactions of the anti-self-dual modes. It is this form of action
which is most closely connected with the twistor space description. To make contact
with the twistor description of the higher spin theory, we wish to define an analogous
self-dual sector.
Given the symmetries of the field strength Ca1b1a2b2a3b3 , we can naturally define
a dual field strength
Ca1b1a2b2a3b3 ≡ ∗Ca1b1a2b2a3b3 = ǫa1b1c1d1Cc1d1a2b2a3b3 . (47)
In terms of spinor quantities the Levi-Civita tensor is
ǫabcd = iǫACǫBDǫA′D′ − iǫADǫBCǫA′C′ǫB′D′ (48)
such that, by construction, the anti-self-dual part is
−Ca1b1a2b2a3b3 =
1
2
(Ca1b1a2b2a3b3 + i ∗ Ca1b1a2b2a3b3)
= ǫA′
1
B′
1
ǫA′
2
B′
2
ǫA′
3
B′
3
ΓA1A2A3B1B2B3 ,
and the self-dual part is
+Ca1b1a2b2a3b3 =
1
2
(Ca1b1a2b2a3b3 − i ∗ Ca1b1a2b2a3b3) (49)
= ǫA1B1ǫA2B2ǫA3B3Γ˜A′1A′2A′3B′1B′2B′3 .
It is straightforward to show that the term
i ∗ Ca1b1a2b2a3b3Ca1b1a2b2a3b3 = ΓA1...B3ΓA1...B3 − Γ˜A
′
1
...B′
3Γ˜A′
1
...B′
3
(50)
is a total derivative and so does not affect any perturbative calculations. Following
the construction of the Chalmers-Siegel action for Yang-Mills [16, 36] and its ana-
logue for conformal gravity [19], though of course here we are working only at the
linearised level, we can add this term to the action so that, up to boundary terms,
we find
Sspin−3 =
1
4λ
∫
d4xΓA1...B3ΓA1...B3
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=
∫
d4xGA1...B3ΓA1...B3 − λ
∫
d4xGA1...B3GA1...B3 , (51)
where in the last line we have introduced the anti-self-dual Lagrange multiplier field
GA1...B3 , which is symmetric in all indices. This action gives the equations of motion
∇A1A′1∇A1A′1∇A1A′1GA1...B3 = 0 , ΓA1...B3 = 2λGA1...B3 . (52)
If we set the parameter λ to zero we find the self-dual theory described by the twistor
fields above, with the gα1α2 corresponding to the space-time Lagrange multiplier
field by the Penrose transform. This action will also suggest, much as in the case
of conformal gravity, how to extend the twistor action to the full theory beyond the
self-dual sector.
2.3 Minkowski Space-Time Spectrum
Given the matching of the equations of motion, it should be unsurprising that the
counting of the on-shell degrees of freedom in both the twistor and space-time de-
scriptions of CHS theory also agrees. Nonetheless it provides a useful check and
provides further insight into the twistor description, particularly the appearance of
the ghost degrees of freedom, which result in the theory failing to be unitary. To
this end we wish to understand the flat-space spectrum, corresponding to the twistor
fields fαβ(Z) of homogeneity n = 2 and gαβ(Z) of homogeneity n = −6, while taking
into account the gauge invariance and constraint, respectively
fαβ → fαβ + Z(αΛβ) , and gαβZα = 0 . (53)
In the standard application of the Penrose transform, a function of the homogeneous
coordinates Zα with homogeneity degree n corresponds to a massless state of helicity
s = 1 + n/2 . In the case at hand we must further take into account the indices α,
β etc. One way to do this is, following [19], to form invariant functions using the
flat space twistor coordinates λA and µ
A′, which then correspond to definite helicity
states. For example there are three homogeneity four functions or s = 3 states 2
λAλBf
AB , µA
′
µB
′
fA′B′ , λAµ
A′fAB′ . (54)
Additionally, we may form invariants using derivatives, ∂A =
∂
∂λA
and ∂A
′
= ∂
∂µ
A′
,
so there are four homogeneity two functions or s = 2 states,
λA∂Bf
AB , µA
′
∂B
′
fA′B′ , λA∂
A′fAB′ , µ
A′∂Af
A
B′ , (55)
and finally there are three s = 1 states
∂A∂Bf
AB , ∂A
′
∂B
′
fA′B′ , ∂A∂
A′fAB′ . (56)
2 As we are considering flat space we can raise and lower spinor indices using ǫAB and ǫA′B′ as
required.
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Hence there are ten on-shell degrees of freedom, however some of these are simply
gauge and can be removed by a transformation using Λα. In particular we can form
the invariants
λAΛ
A , µA
′
ΛA′ , ∂AΛ
A , ∂A
′
ΛA′ (57)
and so remove four degrees of freedom. Specifically, we can use this freedom to set
∂αf
αβ = 0 and so remove two states with s = 2 and two corresponding to s = 1.
Hence we find a total of six on-shell states from the tensor field fαβ . We can re-
peat this argument for gαβ, for which we have ten invariants λ
AλBgAB, µA′µB′g
A′B′ ,
λAµA′gA
B′ , λA∂BgAB, µA′∂B′g
A′B′ , λA∂A′gA
B′ , µA′∂
AgA
B′ , ∂A∂BgAB, ∂A′∂B′g
A′B′ ,
∂A∂A′gA
B′ , which correspond to three states of s = −3, four of s = −2 and three
of s = −1. Four degrees of freedom are removed by the constraint Zαgαβ = 0, of
which two are s = −2 and two are s = −1. Hence in total we find twelve on-shell
degrees of freedom.
We could alternatively have made use of the duality between fαβ and gαβ, c.f.
[19], following from the Fourier-like transform to the dual twistor space described
by coordinates Wα:
g˜αβ(W ) =
∫
D3Z fαβ(Z) exp(W · Z) . (58)
The homogeneity inW of n = −6 for g˜αβ follows immediately from the homogeneity
in Z of n = 2 for fαβ and the weight, 4, of the measure. Similarly, the gauge
invariance of fαβ implies g˜αβ → g˜αβ + ∂(αΛβ) which can be fixed by imposing the
constraint (53). Thus we expect to find the same number of space-time states
described by g˜αβ as by fαβ, namely six.
A unitary subsector: As is well known, conformal higher spin theories are not
unitary. One symptom of this is the fact that the representation of certain Poincare´
generators on on-shell states is not diagonalisable. For example, the generator of
space-time translations on twistor space is given by the vector field
PAA′ = λA
∂
∂µA′
. (59)
Its action on twistor space contravariant tensors fα1...αn can be calculated straight-
forwardly from the Lie derivative
£P
AA′
fα1... = λA
∂
∂µA′
fα1... −
n∑
i=1
δαiA′f
α1...αi−1 αi+1...αn
A , (60)
which can be seen to be non-diagonalisable. For example, in the case of conformal
gravity it was shown, [19], that the generator PAA′ acting on the pair
(
fB
fB
′
)
is
represented by the non-diagonalisable matrix
PAA′ =

λA ∂∂µA′ 0∗ λA ∂∂µA′

 . (61)
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That such generators are not Hermitian is one aspect of the lack of unitarity of the
full theory. One can however truncate to a unitary sector by restricting to space-
time fields corresponding to twistor components fA
′
and gA. Exactly analogous
arguments can be made for higher-rank symmetric twistor tensors where we must
restrict to contravariant tensors with only primed indices fA′
1
...A′n
and unprimed
covariant tensors gA1...An . This can be phrased in an alternative manner by making
use of the infinity twistor Iαβ.
In a homogeneous space-time with cosmological constant Λ we can write the
infinity twistor and its dual as
Iαβ =
(
ǫAB 0
0 ΛǫA′B′
)
, Iαβ =
(
ΛǫAB 0
0 ǫA
′B′
)
, (62)
where IαβIβγ = −Λδαγ . A restriction to wave-functions of the form
fα(Z) = Iβα∂βh(Z) =
(
ΛǫBA∂
Bh(Z), ǫB
′A′∂B′h(Z)
)
gα(Z) = IαβZ
βh˜(Z) =
(
ǫABλBh˜(Z),ΛǫA′B′µ
B′ h˜(Z)
) (63)
exactly corresponds to the restriction to twistor components fA
′
and gA on flat space
and gives the correct extension to the case of non-vanishing cosmological constant.
This is the twistor description of the restriction of conformal gravity to Einstein
gravity [20, 21]. By analogy, for the case of n = 2, we may consider the truncation
of the spin-three theory to fields of the form
fαβ(Z) = IαγIβδ∂γ∂δh(Z) , gαβ(Z) = IαγIβδZ
γZδh˜(Z) . (64)
At the linearised level these fields are such that on-shell h ∈ H0,1(PT ,O(4)) and
h˜ ∈ H0,1(PT ,O(−8)), and so they describe space-times fields of helicity ±3. Thus
we have at the quadratic level a massless, ghost free, spin-three theory. The obvious
question is whether the twistor theory describes consistent interactions, and in order
to understand the self-interactions we will consider the on-shell amplitudes, at least
for three particles. However for the spin-three case this is essentially trivial. We
could compute the three-point function for arbitrary asymptotic states and then
restrict to the unitary sector, but it is in this case sufficient to make the truncation
directly in the action. In particular, if we focus on the cubic terms and substitute
the expressions (64) we find that the action reduces to
S3pts.d.
[
f (2), g(2)
]
= 2Λ2
∫
PT
D3Z ∧ h˜ ∧ IγσIδτ (∂γ∂δh ∧ ∂σ∂τh) = 0 . (65)
Thus, the three-point amplitudes involving identical spin-three fields is vanishing, as
is expected on general grounds, see e.g. [31]. In order to find non-trivial three-point
functions we must consider the even spin case, and rather than proceeding to the
spin-four case we now consider the arbitrary higher-spin case.
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3 Generalisation to Higher Spins
One may generalise the previous discussion to consider deformations corresponding
to (0, 1)-forms taking values in sections of higher-rank symmetric products of the
tangent bundle. Namely, we consider the operator
∂f = ∂ + f
(n) , (66)
where
f (n) = fα1...αn∂α1 · · ·∂αn ∈ Ω0,1(PT , Symn(T 1,0(PT ))) . (67)
The tensor fields fα1...αn are elements of Ω0,1(PT ,O(n)), and in order to be well-
defined on PT they have to have the gauge freedom
fα1...αn → fα1...αn + Z(α1Λα2...αn) , (68)
where the gauge parameter is itself a rank n− 1 tensor, Λ(α2...αn) ∈ Ω0,1(PT ,O(n−
1)) . For convenience we will henceforth mostly use a multi-index notation defined
as follows: let I be an ordered set {1, . . . , n}, we then write
fαI := fα1···αn and ∂αI := ∂α1 · · ·∂αn , (69)
so that f (n) = fα1...αn∂α1 · · ·∂αn ≡ fαI∂αI . We will denote the degree of the index
by |I| = n.
The equations of motion for the fαI field in the self-dual sector will be
∂fαI + fβI ∧ ∂βIfαI = 0 . (70)
As in the spin-three case, we introduce the totally symmetric Lagrange multiplier
fields gΩ(α1...αn) = g(α1...αn)⊗Ω, where g(α1...αn) ∈ Ω0,1(PT ,O(−n−4)) , and as before
Ω is the weight four holomorphic volume (3, 0)-form. The constraints ensuring gauge
invariance are now Zα1g(α1...αn) = 0. We will also denote such fields using the multi-
index notation g(α1...αn) = gαI . The twistor action for the self-dual sector can be
written as
Ss.d.
[
f (n), g(n)
]
=
∫
PT
Ω ∧
(
gαI ∧ (∂fαI + fβJ ∧ ∂βJfαI )
)
. (71)
3.1 Linearised Spin-s Fields
At the linearised level the equations of motion are simply ∂fαI = 0 and ∂gαI = 0 .
Using the Penrose transform, one could find the space-time fields corresponding to
the twistors fields fαI and gαI , and so show that they satisfy the massless spin-s
wave equation in exactly the same fashion as in the spin-two and spin-three cases.
Instead, as it also allows us to discuss the truncation to the unitary sector, we will
briefly consider the on-shell spectrum of the theory before considering the on-shell
three-point interactions corresponding to the self-interactions of these spin-s fields.
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Minkowski space-time spectrum: We can repeat the analysis of section 2.3 for
this general case. The twistor fields fα1...αn(Z) have homogeneity n, and the fields
gα1...αn(Z) are of homogeneity −n−4, while the gauge invariance and constraint are
now
fα1...αn → fα1...αn + Z(α1Λα2...αn) and gα1...αnZα = 0 . (72)
Following the prescription in section 2.3 for the tensor fα1...αn(Z) we can form
n∑
ℓ=0
(n+ 1− ℓ)(ℓ+ 1) = 1
6
(n+ 1)(n+ 2)(n+ 3) (73)
invariants, and so after removing the gauge degrees of freedom, for which we repeat
the counting above but with n replaced by n− 1, we have 1
2
(n + 2)(n + 1) on-shell
degrees of freedom. As the highest homogeneity is 2n, the highest helicity state is
s = 1 + (2n)/2 = n + 1, and so we have 1
2
s(s + 1) degrees of freedom. Using the
duality argument discussed above in the spin-three case, we find exactly the same
number of on-shell states from gα1...αn(Z) but with the opposite helicities, and so
the total number of on-shell degrees of freedom is
νs = s(s+ 1) . (74)
For s = 1 we find the usual number two on-shell vector states while for s = 2 we
find the six on-shell degrees of freedom of Weyl gravity [37]. More generally, the
formula matches with the number of on-shell states in the conformal higher spin
theory described by Fradkin and Tseytlin [2].
A unitary subsector: We can similarly extend the analysis of the diagonalisable
sector of on-shell states by simply adding more indices to the spin-three case, and
again the on-shell representation of the Poincare´ generators will fail to be diagonal-
isable in the full space of conformal spin-s fields. For the case with a non-vanishing
cosmological constant and using the infinity twistor, (62), we can define the fields
hs and h˜s corresponding to a subsector for which the generators are diagonalisable
by the relations
fα1...αn(Z) = Iβ1α1 . . . Iβnαn∂β1 . . . ∂βnhs(Z) ,
gα1...αn(Z) = Iα1β1 . . . IαnβnZ
β1 . . . Zβnh˜s(Z) ,
or using the multi-index notation, where IαIβI := Iα1β1 · · · Iαnβn,
fαI (Z) = IβIαI∂βIhs(Z) , gαI (Z) = IαIβIZ
βI h˜s(Z) , (75)
as well as IαIβIIβIγI = (−Λ)|I|δαIγI . In this case, in the linearised approximation about
flat twistor space we have that hs ∈ H0,1(PT,O(2s−2)) and h˜s ∈ H0,1(PT,O(−2s−
2)) so that hs(Z) corresponds to a state of spin s = (n + 1) and h˜s(Z) to a state
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of s = −(n + 1) . Taking the limit Λ→ 0 produces the higher-spin analogue of the
truncation of conformal gravity to Einstein gravity at the linearised level around
Minkowski space-time. That is for every spin-s we have two on-shell degrees of
freedom, hs and h˜s, which correspond to space-time helicities of ±s. This is the
spectrum of massless higher spins found by Fronsdal [28] for the spectrum of the
massless limit of the Hagen-Singh theory [38].
3.2 Spin-s Three-Point MHV Amplitudes
For generic spin-s, unlike in the spin-three case, the cubic interactions involving fields
corresponding to the same spin do not necessarily vanish. Explicitly focusing on the
unitary subsector by substituting the expression (75), and dropping the subscript
on h and h˜, the three-point interaction reads
S3pts.d.
[
f (n), g(n)
]
=
∫
PT
D3Z ∧ gαI ∧ fβI ∧ ∂βIfαI
= (s− 1)!Λs−1
∫
PT
D3Z ∧ h˜ ∧ {h, h}s , (76)
where
{h, k}s := (−1)s−1IγIσI∂γIh ∧ ∂σIk for |I| = s− 1 . (77)
Clearly, {h, k}s = (−1)s {k, h}s and thus {h, h}s = 0 for any odd integer s, which
implies that the MHV three-point amplitude is vanishing for any odd spin.
The non-vanishing even-spin three-point MHV amplitudes can be easily ex-
tracted from (76) with an appropriate choice of wavefunctions. We choose plane
wave momentum eigenfunctions following [39], see also [12], where we allow the
space-time momenta to be complex. These can be written using the definition of
the delta-function on the complex plane as a (0, 1)-form
δ(az − b) = 1
2πi
dz
∂
∂z
(
1
az − b
)
. (78)
In particular, this satisfies for a holomorphic function f(z)∫
dz ∧ δ(az − b)f(z) = 1
a
f( b
a
) . (79)
By considering spinors λA = (1, z) and λ
′
A = (b, a) we can rewrite this as:
δ(〈λλ′〉) = 1
2πi
dλ
A˙ ∂
∂λ
A˙
1
〈λλ′〉 . (80)
This object has homogeneity −1 in both λ and λ′, while to define wavefunctions for
higher-spin particles it is necessary to consider different scalings. To this end we
introduce an arbitrary reference spinor ξ and define
δm(〈λλ′〉) =
( 〈ξλ〉
〈ξλ′〉
)m
δ(〈λλ′〉) , (81)
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which has homogeneity m− 1 in λ and −m− 1 in λ′. Alternatively by introducing
a complex parameter u and another (0, 1)-form, δ(u− 〈ξλ′〉
〈ξλ〉
), we can, after a change
of integration variables, write (81) as
δ(λ, λ′) =
∫
du
um
∧ δ2(uλ− λ′) . (82)
We use these weighted delta-functions to define our plane wave momentum eigen-
functions describing particles with on-shell momenta given by the spinors (pi, p˜i) (in
the following the subscripts do not denote the spin, but label the particles)
hi(Z) =
∫
C
dui
ui
1
u2s−2i
∧ δ2(uiλ− pi)eui[µp˜i] ,
h˜i(Z) =
1
(s− 1)!
∫
C
dui
ui
1
u−2s−2i
∧ δ2(uiλ− pi)eui[µp˜i] .
The (0,1)-forms h and h˜ have homogeneity 2s − 2 and −2s − 2 respectively under
Z = (λ, µ)→ tZ, while under the rescaling of space-time momentum helicity spinors,
pi → tpi, p˜i → t−1p˜i, they scale as t2s and t−2s as is expected. We can now compute
the three-point MHV amplitude.
As previously mentioned the odd spin s amplitude obviously vanishes. The
three-point MHV amplitude for even spin s is given by
M3(−s,+s,+s) = Λs−1(s− 1)!
∫
PT
D3Z ∧ h˜1 ∧ {h2, h3}s
= (−Λ)s−1
∫
PT
D3Z ∧ h˜1 ∧
(
Λs−1ǫA1B1 · · · ǫAs−1Bs−1
∂
∂λA1
· · · ∂
∂λAs−1
h2 ∧ ∂
∂λB1
· · · ∂
∂λBs−1
h3
+ (s− 1)Λs−2ǫA′1B′1ǫA2B2 · · ·
∂
∂µA
′
1
∂
∂λA2
· · ·h2 ∧ ∂
∂µB
′
1
∂
∂λB2
· · ·h3
+ . . .
+ ǫA
′
1
A′
2 · · · ǫA′s−1B′s−1 ∂
∂µA
′
1
· · · ∂
∂µA
′
s−1
h2 ∧ ∂
∂µB
′
1
· · · ∂
∂µB
′
s−1
h3
)
. (83)
We can now use the fact that
∂h2
∂µA′
∧ ∂h3
∂µA′
= [32]
∫
du2 ∧ du3
(u2u3)2s−2
∧ δ(u2λ− p2) ∧ δ(u3λ− p3)e
∑
3
i=2
ui[µ,p˜i]
and
∂h2
∂λA
∧ ∂h3
∂λA
= 〈∂2∂3〉
∫
du2 ∧ du3
(u2u3)2s−2
∧ δ(u2λ− p2) ∧ δ(u3λ− p3)e
∑3
i=2
ui[µ,p˜i] ,
where the bracket [23] involves space-time momenta and is defined in general as
[ij] = ǫA
′B′ p˜iA′ p˜jB′ , and similarly
〈∂i∂j〉 = ǫAB ∂
∂piA
∂
∂pjB
. (84)
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We can thus write the three-point amplitude as
M3(−s,+s,+s) = Λs−1 (Λ 〈∂2∂3〉+ [23])s−1 I , (85)
where the integral I is given by
I = 1
[23]
∫
D3Z ∧ du1 ∧ du2 ∧ du3 ∧
3∏
i=1
δ
2
(pi − uiλ) u
2s+1
1
(u2u3)2s
e
∑3
i=1
ui[µ,p˜i] ,
The integration over the background projective twistor space gives a delta-function
on whose support u2 = [31] / [23] and u3 = [12] / [23] . The remaining integrals are
trivial, and a factor [23] comes from the Jacobian of the transformation to the usual
expression of the four-dimensional momentum delta-function. Hence we find
I = [23]
(
[23]2
[12][31]
)s−1
δ4(P ) , (86)
where P =
∑3
i=1 pi is the total momentum. Finally, using the fact that
〈∂2∂3〉 δ4(P ) = − [23]P δ4(P ) (87)
with P = −12ǫABǫA′B′ ∂∂P
AA′
∂
∂P
BB′
, we obtain
M3,−1(−s,+s,+s) =

Λ
s−1
(
[23]3
[12][31]
)s
(1− ΛP )s−1 δ4(P ) for s even
0 for s odd .
(88)
These amplitudes vanish in the flat space limit Λ → 0, however we can define a
rescaled amplitude Λ−(s−1)M3 to obtain a non-vanishing result at least for even
spins. This expression coincides with the result obtained from general space-time
symmetry arguments for massless higher-spin three-point amplitudes [31].
4 Toward Consistent Higher Spin Interactions
There are well-established reasons for believing that there is no consistent interacting
theory for a single s > 2 field, and in the twistor theory we can see such difficulties
emerge when we attempt to give a geometric interpretation to our equations of
motion. As we have mentioned, beyond the spin-two case our equation of motion
does not imply that the operator ∂f is integrable. This failure can be see quite easily
in the spin-three case where
∂
2
f =
(
∂fαβ + fγδ ∧ ∂γ∂δfαβ
)
∂α∂β + 2f
γδ ∧ ∂γfαβ∂δ∂α∂β , (89)
with the last term remaining even after imposing the spin-three equations of motion
previously used. However, the structure of this term involving three derivatives
appears in the spin-4 equation, and so one can include this additional term as a
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source term for spin-4 fields. Of course the spin-4 fields will generate additional
terms which will not be cancelled but which in turn source spin-5 fields and so on.
It is not difficult to also include spin-one fields in our description, though they
have to be treated somewhat differently as they do not take values in some product
of the tangent bundle but in the Lie algebra g corresponding to a given Lie (gauge)
group G, i.e. fα∅ ≡ A+ ∈ Ω0,1(PT ,O(0)⊗g) and gα∅ ≡ A− ∈ Ω0,1(PT ,O(−4)⊗g) .
To avoid unnecessary clutter like taking traces when necessary, we will just consider
the abelian case G = U(1), however a generalisation is straightforward. Thus,
whenever we write g we just consider u(1) for simplicity. We can now define the
operator
∂f = ∂ +
∞∑
|J |=0
fβJ∂βJ . (90)
We can expand the condition ∂
2
f = 0 in powers of derivatives ∂α and impose the
vanishing component by component. Focusing on spin two we have
∂fα +
∞∑
|J |=0
fβJ ∧ ∂βJfα = 0 , (91)
where we see the coupling of the spin-two field to all higher-spin fields. In this
equation it is of course consistent to set all the fαI for |I| > 1 as well as |I| = 0
equal to zero and so recover the spin-two equation of motion for pure conformal
gravity. For the spin-three equation of motion we now have
∂fα1α2 +
∞∑
|J |=0
fβJ ∧ ∂βJfα1α2 +
∞∑
|J |=0
(|J |+ 1)f (α1βJ ∧ ∂βJfα2) = 0 . (92)
Because f (α1 ∧ fα2) = 0 , the spin-three fields are not sourced by purely spin-two
fields, and so truncating to just spin-two is consistent as is expected. For generic
spin, and using the multi-index notation, we have the equation
NαI ≡ ∂fαI +
|I|∑
|J |=0
∞∑
|K|=0
C|K||J |f
(αJβK ∧ ∂βKfαI−J ) = 0 , (93)
where the multi-index I − J corresponds to the complement of J in I, and the
coefficients C|K||J | =
(
|K|+|J |
|J |
)
. Here we can see the source terms due to lower-spin
fields in higher-spin equations of motion, and for example as the spin-4 equation
involves non-vanishing source terms from the spin-three field, we cannot truncate
to just the spin-three sector. Hence we see the need for an infinite number of fields,
one of each spin, interacting non-trivially with one another.
As before, we can introduce Lagrange multiplier fields to impose these conditions
to write an action for the self-dual sector
Ss.d.
[
f (•), g(•)
]
=
∫
PT
Ω ∧
∞∑
|I|=0
(
gαI ∧NαI
)
. (94)
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The equation of motion for the fields g(n) following from this action can be directly
derived. At the linearised level the analysis is as in the previous sections as the
individual spins decouple, moreover one can focus on the individual spins to calculate
the self-interaction three-point functions, and the results from previous sections will
still hold. Nonetheless, this action is significantly more involved, and without a
proper geometric understanding of the deformation much of the structure remains
unclear.
One natural approach is to attempt to interpret the deformation as defining a
new complex structure. For example we can consider the space spanned by the
deformed vectors eα = ∂α+
∑∞
|I|=0 f
αI
α ∂αI and ask if it is closed under commutation.
That is given V = V αeα and W =W
αeα we calculate
[V,W ] =
(
V α(∂fαW
β)−W α(∂fαV β)
)
eβ
+

 ∞∑
|I|=0
|I|∑
|J |=0
C|I||J |
(
V α∂γJW
β −W α∂γJV β
)
f
γJγI−J
α ∂γI−J

 eβ . (95)
The presence of the second line would seem to require at the very least a significant
generalisation of the usual notions. In particular the appearance of infinite numbers
of derivatives suggests a non-local formulation. This can also be seen if we consider
a C∞-function on projective twistor space φ(Z) and attempt to define the notion of
holomorphicity with respect to a deformed complex structure by writing
∂fφ(Z) = ∂φ(Z) +
∞∑
|I|=0
fαI∂αIφ(Z) = 0 . (96)
This condition we can be written in a more suggestive notation as
∂φ(Z) + f · φ(Z) = 0 (97)
where
f · φ(Z) =
∫
D3Z ′ f(Z,Z ′)φ(Z ′) (98)
with f(Z,Z ′) =
∑∞
|I|=0 f
αI (Z) ∂(Z)αI δ
3
(Z,Z ′) 3 . Such bi-local expressions are com-
mon in higher spin theories and have been interpreted in terms of infinite jet bundles
[40] 4 .
3 Here δ
3
(Z,Z ′) is the projective delta-function defined on the background projective twistor
space such that
φ(Z) =
∫
D3Z ∧ δ3(Z,Z ′)φ(Z ′) . (99)
4 It is interesting to note that he unfolded formalism of higher spin theory also has a natural
interpretation in terms of jet spaces, see [41] for a recent discussion and references.
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4.1 A Geometric Interpretation of Higher Spins
The language of jet bundles, which we briefly review below, will allow us to give
a more geometric interpretation of the higher-spin equations of motion as the in-
tegrability condition for a holomorphic structure. Given a complex manifold, here
we are obviously considering PT , we can define the corresponding Dolbeault oper-
ator ∂ mapping (p, q)-forms to (p, q + 1)-forms. This can be naturally generalised
to (p, q) forms taking values in sections of some complex vector bundle B → PT ,
that is elements of Ωp,q(PT ;B). We will be mostly considering bundles whose sec-
tions are symmetric covariant tensors of Symn(TPT ) or contravariant tensors of
Symn(T ∗PT ) or g-valued for n = 0 . We wish to define a holomorphic structure on
B, this is a sequence of operators
∂B : Ω
p,q(PT , B)→ Ωp,q+1(PT , B) (100)
such that
i) ∂B ◦ ∂B = 0
ii) ∂B(ω ∧ g) = ∂(ω) ∧ g + (−1)m+nω ∧ ∂B(g) (101)
where ω ∈ Ωm,n(PT ) and g ∈ Ωp,q(PT , B) for any (m,n) and (p, q).
The holomorphic structure ∂B on B induces a holomorphic structure, also de-
noted ∂B, on End(B),
∂B(f) = ∂B ◦ f − (−1)p+qf ◦ ∂B , f ∈ Ωp,q(PT ,End(B)) . (102)
Let ∂B′ be another holomorphic structure on B, then there exists a section f ∈
Ω(0,1)(PT ,End(B)) such that
∂B′(g) = ∂B(g) + f ◦ g (103)
where g ∈ Ωp,q(PT , B) and f satisfies the Mauer-Cartan equation
∂Bf + f ◦ f = 0 . (104)
Conversely if f is a section satisfying (104) then defining ∂B′ by (103) gives another
holomorphic structure on B → PT .
Making contact with our previous considerations we see that the deformation in
(90), f , is to take values in Ω0,1(PT , Sym(•)(T 1,0PT )), i.e. f(Z) =
∑
fαIα (Z) dZ
α
∂αI .
For |I| > 1, this is not a derivation and therefore does not give rise to a holomorphic
structure in the usual sense. In order to interpret the higher powers of derivatives
as linear operators on some vector space we must think of the deformed operators
as acting on an infinite dimensional vector formed from the field φ and all of its
derivatives
(φ, ∂αφ, ∂α1∂α2φ, . . . ) . (105)
Such an object is an infinite jet called the infinite prolongation j∞φ of φ and and we
can now interpret f as taking values in the endomorphisms of the jet bundle. The
higher powers of derivatives act as generators of the space of endomorphisms.
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Jet bundles: To be slightly more precise, see [42] for a textbook treatment, we
wish to consider fields which are sections of some bundle B i.e. the fields will be
sections of Sym(n)(T 1,0PT ) or Sym(n)(T ∗1,0PT ) or g. To describe this we choose an
appropriate adapted local coordinate system, ψ, on the total space of the bundle B
where for a given subspaceW ⊂ B the coordinates can be split into those parametris-
ing the base space and those distinguishing points on the fibre: ψ = (Zα, ψβJ ). Given
two such sections, say g and g˜, we say they have the same k-jet at Z ∈ PT if in any
particular coordinate system their first k derivatives coincide, i.e.
∂αIgβJ (Z) = ∂αI g˜βJ (Z) , 0 ≤ |I| ≤ k , (106)
where gβJ = ψβJ◦g. This definition is in fact independent of the particular coordinate
system. The k-th jet of g at Z, denoted jkZg, is the equivalence class of all sections
with the same k-jet. The k-th jet manifold, which we denote Jk(B), is the totality
of all such jets,
Jk(B) =
{
jkZg : ∀Z ∈ PT , g ∈ Ω0,1(PT , B)
}
. (107)
The jet-manifold combined with the so-called source projection πk : j
k
Zg → Z, can be
viewed as a bundle over the base space PT . The coordinate system ψ on B induces
a coordinate system ψk on Jk(B): given W ⊂ B we define W k = {jkZg : g(Z) ∈ W}
and
ψk = (Zα, ψβJ , ψβJ ;α1 , . . . , ψβJ ;α1...αk) (108)
are called derivative coordinates where for jkZg ∈ W k we define Zα(jkZg) = Zα,
ψβJ (j
k
Zg) = gβJ (Z), and
ψβJ ;αI (j
k
Zg) = ∂αIgβJ (Z) . (109)
Correspondingly, given a open subset U ∈ PT and local section g ∈ ΓU(B) we define
the k-th prolongation of g as the section jkg ∈ ΓU(Jk(B)) defined by jkg(Z) = jkZg
for Z ∈ U with coordinate representation
(gβJ , ∂α1gβJ , . . . , ∂α1 . . . ∂αkgβJ ) . (110)
It is worthwhile to note that, while these prolongations will be the focus of our
interest, they are very non-generic sections of the jet bundle since their adaptive
coordinates are strongly related to each other, which generically does not need to
be the case. The infinite jet bundle corresponds to the limiting case k → ∞. For
Z ∈ PT the∞-th jet of g, which we denote j∞Z g, is the equivalence class of sections
whose derivatives coincide with those of g at all orders and the space J∞(B) is an
infinite dimensional manifold which can be shown to have the structure of a bundle
over PT .
We can now view f as defining a bundle endomorphism on J∞(B). In the exam-
ple where we are only considering C∞ functions, as in (97), we can still construct
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the corresponding infinite jet bundle, denoted simply J∞(PT ), and we can replace
the action of the deformation f on a function g at a point Z by its action on the
corresponding prolongation j∞(g) ∈ Γ(J∞(PT ))
(f · g)(Z)→ f · j∞Z (g) ≡
∞∑
|I|=0
j∞Z (f
αI ) ∧ T;αI [j∞Z (g)] =
∞∑
|I|=0
j∞Z (f
αI ∧ ∂αIg) (111)
where T;αI ∈ End(J∞(PT )) such that T;αI [j∞Z (g)] = j∞Z (∂αIg) , and where in the
wedge product it is understood that we use the product rule for jets j∞Z (g1)·j∞Z (g2) =
j∞Z (g1g2). In an adapted coordinate system this product can be given explicitly by
using the formula for the generalised higher order Leibniz rule. We note that the
action of the generators T;αI , despite appearances, is linear and
T;αI [ω(Z)j
∞
Z (g)] = ω(Z) T;αI [j
∞
Z (g)] = ω(Z)j
∞
Z (∂αIg) (112)
for ω(Z) being an arbitrary function as the derivatives acting on g only appear due
to the particular structure of the prolongation.
If we consider j∞(g) ∈ Ω(p,q)(PT , J∞), i.e. (p, q)-forms taking values in J∞(PT ),
we can now define a corresponding holomorphic structure
∂f(j
∞(g)) ≡ ∂j∞(g) + f · j∞(g)
= ∂j∞(g) +
∞∑
|I|=0
j∞(fαI ) ∧ T;αI [j∞(g)]
= j∞
(
∂g +
∞∑
|I|=0
fαI ∧ ∂αIg
)
. (113)
As T;αI [ω∧j∞(g)] = ω∧T;αI [j∞(g)] for ω ∈ Ωm,n(PT ) we have that f ·(ω∧j∞(g)) =
(−)(m+n)ω ∧ f · j∞(g) . Moreover we see that
∂f ◦ ∂f = 0 ⇐⇒ j∞
( ∞∑
|I|=0
∂fαI ∧ ∂αIg +
∞∑
|I|=0
fβI ∧ ∂βI
( ∞∑
|J |=0
fγJ ∧ ∂γJ g
))
= 0
(114)
for an arbitrary (p, q)-form g. Hence we see that imposing the conditions (93) at
all points on PT is equivalent to the integrability condition for the holomorphic
structure on the infinite jet bundle.
Anti-self-dual fields: In addition to the integrability conditions we have equa-
tions of motion for the (0, 1)-form Lagrange multiplier fields gΩαI = gαI ∧ Ω. The
variation of (94) with respect to the fαI fields gives the equations of motion
∂gΩαI −
∞∑
|J |=0
|K|=0
(−1)|K|C|J ||K|∂βK
(
gΩαIγJ ∧ fγJβK
)
+
∞∑
|J |=0
|I|∑
K=0
C|I−K||K|g
Ω
γJ(αK
∧ ∂αI−K)fγJ = 0 . (115)
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It is worthwhile to note that it is not possible to truncate the theory to just the
spin-two case as the lower-spin fields can source the higher-spin ones via the last
term.
We can also interpret the equations (115) in the language of infinite jet bundles,
J∞(B). As the equations mix fields with different spin we will take
B =
(
g⊕
∞⊕
r=1
Sym(r)(T ∗1,0PT )
)
⊗ Ω(3,0) ⊗O(4) . (116)
We define two linear operators which generalise those in (111)
TγJ ;βL g
Ω
αI
= ∂βLg
Ω
αIγJ
TβKγL g
Ω
αI
=

0 for |K| > |I| or |K| ≥ |I| and |L| = 0( |I|
|K|
)
δβK(αKg
Ω
αI−K)γL
else .
(117)
We have compressed the notation by denoting the prolongation j∞gγK by the
section gγK . We can now write the equation of motion as
∂fg
Ω
αI
= ∂gΩαI + F ∧ gΩαI = 0 (118)
where we have introduced the (0, 1)-forms
F =
∞∑
|J |=0
|K|=0

 |K|∑
|L|=0
(−1)|K|+1C|J ||K|C|K−L||L|∂βK−LfγJβK TγJ ;βL + ∂βKfγJ TβKγJ


≡
∞∑
|J |=0
|K|=0
(
F γJ ;βK TγJ ;βK + F
γJ
βK
TβKγJ
)
. (119)
Unitary subsector equations of motion: These equations simplify when we fo-
cus on the case where the background is conformally flat and the fields are restricted
to the diagonalisable sector (75). For this, F truncates to
H =
∞∑
|J |=0
|K|=0
IλJγJ
(
(−1)|K|+1C|J ||K|IκKβK∂λJ∂κKh|J+K|+1TγJ ;βK + ∂βK∂λJh|J |+1TβKγJ
)
.
(120)
If we further only allow self-interactions of spin s fields, this selects |J | = 0 and
K = I in the first term, and J = I and K = I in the second term. Hence, we obtain
Hs = (−1)sIαIβI∂αIhsT;βI + IαIβI∂αI∂γIhs TγIβI (121)
The equations of motion for purely unitary spin-s fields then read
0 =
(
∂ +Hs
)
∧
(
IαIβIZ
βI h˜Ωs
)
(122)
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which equivalently can be written as
0 = ZαI∂h˜
Ω
s −
s−1∑
|J |=0
|J |!(C|I−J ||J |)2ZαI−J
{
∂αJhs, h˜
Ω
s
}
s−|J |
where ZαJ = Z
βJ IβJαJ .
4.2 Anti-Self-Dual Interaction Terms
To go beyond the self-dual sector to the full theory we must include interactions of
the anti-self-dual fields. There are a number of possible interactions, however we
will restrict ourselves to the simplest case by formulating the twistor analogue of
interaction term in (51). In this we will closely follow the discussion in [17].
Given a curved twistor space, T , with fibre coordinates σA over a manifold M
with space-time coordinates xAA
′
, we can choose an adapted vector bundle coordi-
nate system for the cotangent bundle. This defines a set of dual sections in Ω(1,0)(T )
which we label eα = (eA, e
A′). The one-forms eA are of homogeneity degree one, and
when restricted to constant xAA
′
, that is to the fibres of T →M, they are given by
eA = dσA. The one-form e0 = σ
AeA is well defined on PT with values in O(2). The
(1, 0)-forms eA
′
, also of homogeneity one in σA, can be defined at each point to be
orthogonal to the fibres of T → M. We can additionally choose the holomorphic
volume form to be
Ω =
1
2
ǫA′B′e
A′ ∧ eB′ ∧ σA dσA . (123)
In flat twistor space these forms can be given explicitly as
eA = dσA and e
A′ = iσA dx
AA′ (124)
as well as
Ω =
1
2
ǫA′B′σAσB dx
AA′ ∧ dxBB′ ∧ 〈σ dσ〉 . (125)
This coordinate system, and the dual sections, naturally define a basis for our homo-
geneous tensors, and we can expand our twistor space tensors in this basis g = gαIe
αI .
For example in the spin-three case
g =
(
gA1A2 ∧ (eA1 ⊗ eA2) + gA1A′2 ∧ (eA1 ⊗ eA
′
2)
+ gA′
1
A2 ∧ (eA′1 ⊗ eA2) + gA′1A′2 ∧ (eA
′
1 ⊗ eA′2)
)
⊗ Ω , (126)
where the gA1A2 etc. are (0, 1)-forms of homogeneity −6 . By integrating over the
fibres of twistor space we can now define space-time 2-forms GA1A2B1B2 , or more
generally GAIBI , via
GAIBI (x) =
∫
Ξ
σBIg
AI ∧ Ω . (127)
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Motivated by the form of the anti-self-dual interactions in the linearized space-time
action,
∫
GAIBI ∧GBIAI , (128)
as well as the interactions for conformal gravity and Yang-Mills, we consider the
twistor space expression
∫
PT ×MPT
∞∑
|I|=0
(σ1AIσ2BI ) g
Ω
1
BI ∧ gΩ2 AI . (129)
Here the space PT ×M PT is the space whose fibres over the manifold M are
Cartesian products of the fibres of the individual twistor spaces PT →M, namely
Ξ1×Ξ2 ≃ CP1×CP1, with homogeneous fibre coordinates (σ1A, σ2B). The fields g1
and g2 are (0, 1)-forms depending on the respective fibre coordinates, while Ω1 and
Ω2 are the respective holomorphic volume forms. This action is constructed using
the Penrose transform with respect to the background complex structure, and so
at the linearised level it is obviously invariant under shift of g by ∂χ terms as they
result in total derivative terms with respect to the fibre integration. However if we
wish to include the effects of the deformation f , the equation satisfied by g, ∂fg = 0,
is modified.
We account for this deformation by inserting the appropriate Green’s function
∂
−1
F to propagate the fields in deformed twistor space along the fibres
Sa.s.d. =
∫
PT ×MPT
∞∑
|I|=0
(σ1AIσ2BI )
(
∂ ∂
−1
f
∣∣∣
Ξ1
)
gΩ1
BI ∧
(
∂ ∂
−1
f
∣∣∣
Ξ2
)
gΩ2
AI . (130)
To define this action we must specify ∂ ∂
−1
f
∣∣∣
Ξ
for which we use the assumption
that the deformation is small and hence
∂ ∂
−1
f
∣∣∣
Ξ
≡
∞∑
n=0
(∂
−1
F
∣∣∣
Ξ
)n . (131)
We thus need to know how ∂
∣∣∣−1
Ξ
acts on holomorphic one-forms of homogeneity n,
Ω(CP1,O(n)). This has been previously discussed in context of twistor actions, e.g.
[22], where it was shown that it can be expressed in terms of the Cauchy kernel.
Only for the case of n = −1 this operation is uniquely defined. As H0,1(CP1,O(n))
is empty for n ≥ −1 , every k ∈ Ω0,1(CP1,O(n)) is exact, and so k = ∂ω for some
ω ∈ Ω0(CP1,O(n)). Additionally as H0(CP1,O(n)) is also empty for n ≤ −1 , there
is no freedom in the definition of ω. Concretely, suppose Ξ ≃ CP1 is parametrised
by coordinates σA, we can define ∂
−1
k by
∂
∣∣∣−1
Ξ
k(σ) =
1
2πi
∫
Ξ
Dσ′
〈σσ′〉 ∧ k(σ
′) . (132)
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When we consider forms with n ≥ 0 we need to include additional factors to give the
correct weight under coordinate rescalings, which can be done by using a reference
spinor:
(
〈ξσ〉
〈ξσ′〉
)n+1
. The arbitrariness in the choice of ξ corresponding to the non-
triviality of H0(CP1,O(n)) for n > −1 gives rise to a gauge freedom which should
drop out of any physical observable. For n < −1 we find additional singularities
which need to be specified. From the expression (119) for the (0, 1)-form F , we see
that we have the following weights
(
∂
−1
F
∣∣∣
Ξ
)
(Z(σ)) =
1
2πi
∫
Ξ
Dσ′
〈σσ′〉
∞∑
|I|,|J |=0
((
〈ξσ〉
〈ξσ′〉
)|I|+1+|J|
F αI ;βJ (Z(σ′)) TαI ;βJ
+
(
〈ξσ〉
〈ξσ′〉
)|I|+1−|J|
F αIβJ (Z(σ
′)) TβJαI
)
. (133)
The interaction of the anti-self-dual fields with the self-dual deformation is then
encoded by the series
∂ ∂
−1
F
∣∣∣
Ξ
g(Z) = g(Z) + ∂
−1
∞∑
|I|,|J |=0
(
F αI ;βJ (Z) TαI ;βJ +F
αI
βJ
(Z) TβJαI
) ∣∣∣
Ξ
g(Z) + . . .
(134)
which when substituted into the action (130) generates interaction vertices involving
all orders in the fields. These interactions have an intricate structure which involves
interactions between fields of different spins.
As mentioned, in principle one can find all tree-level amplitudes by starting
with free plane-wave fields and iteratively solving the equations of motion. The
exponentiated action evaluated on this classical solution is a generating functional
for the amplitudes. To find the analogue of the gluon and graviton MHV amplitudes
we can take the above interactions and expand the fields around their background
values.
5 Outlook
One immediate generalisation of the current work is to include supersymmetry. Self-
dual actions on super-twistor space have been previously considered for N = 4
SYM [14], for N = 4 CSG [19] and for N = 8 Einstein gravity [43] while the twistor
action for the full N = 4 CSG was given in [21]. From a geometrical perspective
N = 4 supersymmetry is the most natural as it results in a Calabi-Yau super-twistor
space, however it is by no means clear this theory is unique. At least in the spin
two case, depending on the presence of certain additional global symmetries, the
conformal supergravity theory has minimal and non-minimal versions and it is only
the minimal version which contains Einstein supergravity as a truncation.
This raises the important question of what space-time theory our higher-spin
twistor description actually corresponds to. At the level of the spectrum we have
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shown that the number of degrees of freedom matches with the number of on-shell
states in the conformal higher spin theory described by Fradkin and Tseytlin [2].
Including the anti-self-dual interactions, a natural candidate is the four-dimensional
case of Segal’s conformal higher spin theory [4] which describes an infinite number
of bosonic symmetric traceless tensor fields. In the unitary subsector we have seen
that the spectrum of the linearised theory matches the spectrum of the Fronsdal
theory [28]. As Vasiliev’s theory [8] also reproduces the Fronsdal spectrum we may
optimistically speculate that the full unitary subsector, given by hi and h˜i, is related
to the non-linear massless higher spin theory on anti-de Sitter space, however the
absence of any scalar field in the twistor theory means that an exact matching would
require some modifications. Nonetheless there are certain similarities, for example
the higher-spin symmetry underlying the space-time theories can be understood as
acting on jet spaces of fields and the unfolded formulation, see [44] for the CHS case,
involves a twistor space formulation with some resemblance to the twistor spaces
considered here. Of course to properly compare theories we must understand the
structure of the interactions between the infinite tower of fields.
Our proposal (130) for the interaction terms of the anti-self-dual modes leads
to an expansion about a given self-dual background which will generate an infinite
series of higher point vertices. Such expansions in N = 4 super-Yang-Mills and
conformal gravity have led to efficient formalisms for computing observables, see
[45, 22, 46]. For example, fixing axial gauge for the the unitary truncation of the
conformal gravity twistor action, Adamo and Mason [21] were able to re-sum the
resulting Feynman diagrams by using the matrix-tree theorem as in [47, 26] to
produce a formula for the de Sitter analogue of MHV amplitudes which reproduced
Hodges’ remarkable formula [27] in limit of vanishing cosmological constant. The
same calculation for the CHS theory, starting with the three-point all spin-s MHV
amplitude, may provide insight into the structure of the interactions of the theory.
Finally, while we have focussed on the flat space-time background the twistor
space actions are in principle valid for general self-dual space-times. Even at the
quadratic level this of interest as the space-time CHS kinetic operators are not known
for general backgrounds, though there has been recent progress [48]. In the context
of one-loop checks of the correspondence between massless higher spin theories on
anti-de Sitter space and vector model CFTs, e.g. [49], these are important objects as
they are needed for computing the canonical partition function on curved boundary
manifolds and twistor methods may provide an alternative method of calculation.
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A Twistor Space Geometry
Here we will review some background material regarding twistor theory that is
necessary for our discussion. We consider space-times corresponding to oriented
four-dimensional Riemannian manifolds, which we denote byM, with metric g and
possessing a spin structure. The unprimed and primed spinor bundles are denoted
S+ and S− with fiber coordinates αA and µA
′
, where A, . . . = 0, 1 and A′, . . . = 0, 1,
and their dual bundles by S+∗ and S−∗ with coordinates λA and βA′. In addition we
have the skew-symmetric spinors ǫAB, ǫA′B′ , ǫ
AB, ǫA
′B′ , which are defined such that
the metric is given by
gab = ǫABǫA′B′ (135)
where we denote four dimensional space-time indices by a, b, . . . = 0, 1, 2, 3. Further-
more ǫAB can be used to define the inner product
〈λν〉 = ǫABλAνB , (136)
and similarly [πµ] = ǫA
′B′πA′µB′ as the inner product on the primed spinor bundle.
In twistor theory it is standard to consider complex space-times where the spinor-
bundles S+ and S− are complex and unrelated to one another. This gives rise to new
curvatures, in particular to a complex partner Ψ˜A′B′C′D′ of the Weyl spinor ΨABCD.
Significantly, it is possible to have complex space-times for which ΨABCD = 0 but
Ψ˜A′B′C′D′ 6= 0, that is geometries for which the anti-self-dual curvature vanishes but
the self-dual one does not.
To construct the twistor space corresponding to a flat four-complex-dimensional
space-time CM4 we consider the total space of the lower index un-primed spinor-
bundle with points described by (xAA
′
, σA), where x
AA′ are the coordinates of CM4,
using bi-spinor notation for coordinate indices. The projectivised spin-bundle P(S+∗)
is a five-complex-dimensional manifold where σA are interpreted as homogeneous
coordinates on the CP1 fibres over CM4. We can define twistor space by projecting
the S+∗ onto T with coordinates Zα = (λA, µ
A′) by using the incidence relation
S
+∗ ∋ (xAA′ , σA) 7→ (λA, µA′) = (σA, xAA′σA) ∈ T . (137)
Strictly speaking, this does not cover all of T, and we should consider the conformal
compactification of CM4, which implies a natural action of the conformal group.
The conformal group is isomorphic to SU(2, 2), which makes twistor space T ⊂ C4
the representation space of the complex Weyl spinor representation of su(2, 2). The
same projection for the projectivised spin bundle defines projective twistor space
PT ∼= CP3 which in homogeneous coordinates is Zα ∼ tZα for t ∈ C\{0}.
A curved twistor space T is a complex four-dimensional manifold with an Euler
vector field E and a non-vanishing holomorphic three-form Ω satisfying
£EΩ = 4Ω and ι(E)Ω = 0 . (138)
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We can choose local homogeneous coordinates, Zα, α = 0, 1, 2, 3, on T such that
E = Zα
∂
∂Zα
and Ω =
1
6
ǫαβγδZ
α dZβ ∧ dZγ ∧ dZδ . (139)
PT corresponds to the space of orbits of E in T . Curved projective twistor spaces
PT contain a four parameter family of compact holomorphic curves, Lx, with the
topology of Riemann Spheres each of which has the same normal bundle as a CP1
in CP3. One identifies the points in the curved complex space, x ∈ M, with these
curves.
In order to consider real space-times, we must further define a reality structure. If
we wish to chooseM to be Lorentzian with signature (1, 3), we restrict to Hermitian
xAA
′
, and the primed and un-primed spinor bundles are related by conjugation.
However, as this also relates the self-dual part of the Weyl curvature to the anti-
self dual part the non-linear graviton construction can only be carried out in the
conformally flat case. For real manifolds of definite signature — for technical reasons
the signature is in fact all negative — there is an anti-linear conjugation on the
spinors
αA 7→ αˆA , µA′ 7→ µˆA′ , (140)
such that ˆˆαA = −αA and ˆˆµA′ = −µA′. For bi-spinors this conjugation is however
involutative, and we define the real manifold to be the set of points satisfying xˆAA
′
=
xAA
′
. This induces a map on twistor space Zα 7→ Zˆα that has no fixed points,
however the lines in twistor space corresponding to the fixed space-time points are
fixed lines. Consider the flat space-time case, M = E; given two points on such a
line Zα and Zˆα we can define the projection T→ E using the formula
xAA
′
= −i λˆ
AµA
′ − λAµˆA′
〈λλˆ〉 . (141)
In this case the unprimed spinor bundle, which is now an eight-dimensional real
manifold, and twistor space T can be identified, and similarly for the projective
spinor bundle and projective twistor space.
This is true in the general case where the curved twistor space T (M) is iden-
tified with the unprimed spinor bundle over M with non-holomorphic coordinates
(xAA
′
, σA) where σA is a spinor at x
AA′ ∈M. There is an almost complex structure
on T such that the space of (0, 1)-tangent vectors at (xAA
′
, σA) is spanned by
VˆA′ = − i〈σσˆ〉σ
A∇AA′ and Vˆ A = ∂ˆA = ∂
∂σˆA
. (142)
Projective twistor space PT (M) corresponds to the projective unprimed spinor
bundle over M where σA are now the homogeneous coordinates of the CP1 fibre.
The almost complex structure on T (M) reduces to PT (M) as the tangent space
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of projective twistor space can be found by factoring out the fields E = σA∂
A
and Eˆ = σˆA∂ˆ
A . As shown by Atiyah et al, [50], the almost complex structure is
integrable if and only ifM has vanishing anti-self-dual Weyl curvature ΨABCD = 0 .
This almost complex structure reduces to a complex structure on PT (M) as the
vector E is holomorphic.
For a generic self-dual manifold we cannot generally define global twistors. How-
ever, we can define at each point x ∈M a local twistor Zα which for a given metric
g is represented by a pair of spinors (λA, π
A′) which transform as
λ˜A = λA − iΥAA′πA′
and π˜A
′
= πA
′ (143)
under the Weyl transformation g 7→ g˜ = Ω2g with ΥAA′ = ∇AA′ log Ω . We denote
the corresponding rank-four local twistor bundle over M by LT. Pulling back a
section of LT given by the spinor fields (λA, π
A′), we can define a (1,0)-vector field
on T(M) by
T = λA(x)V
A + πA
′
(x)VA′ , (144)
where V A = ∂A and VA′ =
−i
〈σσˆ〉
σˆA∇A′A . One can show, see e.g. [11], that such
vectors are holomorphic if and only if they are parallel under local twistor transport.
That is to say when they satisfy the conditions
∇BB′πA′ + iλAǫB′A′ = 0
and ∇BB′λA − i(ΦABA′B′ − ΛǫABǫA′B′)πA′ = 0 ,
(145)
where ΦABA′B′ is proportional to the trace-free Ricci tensor and Λ to the Ricci scalar.
In the conformally flat space case these equations have a four-complex-parameter
family of solutions given by
πA
′
= µA
′
0 + iλAx
AA′ (146)
for constant µA
′
0 and λA. We can thus identify the solution space of the twistor
equation with flat twistor space T ≃ C4. Given a holomorphic field, T , of the form
(144) on T we can choose linear coordinates Zα such that
T = T α
∂
∂Zα
(147)
with T α being constant.
References
[1] M. Kaku, P. K. Townsend, and P. van Nieuwenhuizen, “Properties of
Conformal Supergravity,” Phys. Rev. D17 (1978) 3179. • B. de Wit, J. W.
34
van Holten, and A. Van Proeyen, “Transformation Rules of N=2 Supergravity
Multiplets,” Nucl. Phys. B167 (1980) 186. • E. Bergshoeff, M. de Roo, and
B. de Wit, “Extended Conformal Supergravity,”
Nucl. Phys. B182 (1981) 173.
[2] E. S. Fradkin and A. A. Tseytlin, “Conformal Supergravity,”
Phys. Rept. 119 (1985) 233–362.
[3] E. S. Fradkin and V. Ya. Linetsky, “Cubic Interaction in Conformal Theory of
Integer Higher Spin Fields in Four-dimensional Space-time,”
Phys. Lett. B231 (1989) 97. • E. S. Fradkin and V. Ya. Linetsky,
“Superconformal Higher Spin Theory in the Cubic Approximation,”
Nucl. Phys. B350 (1991) 274–324.
[4] A. Y. Segal, “Conformal higher spin theory,”
Nucl. Phys. B664 (2003) 59–130, arXiv:hep-th/0207212 [hep-th].
[5] H. Liu and A. A. Tseytlin, “D = 4 superYang-Mills, D = 5 gauged
supergravity, and D = 4 conformal supergravity,”
Nucl. Phys. B533 (1998) 88–108, arXiv:hep-th/9804083 [hep-th]. •
V. Balasubramanian, E. G. Gimon, D. Minic, and J. Rahmfeld,
“Four-dimensional conformal supergravity from AdS space,”
Phys. Rev. D63 (2001) 104009, arXiv:hep-th/0007211 [hep-th].
[6] A. A. Tseytlin, “On limits of superstring in AdS(5) x S**5,”
Theor. Math. Phys. 133 (2002) 1376–1389,
arXiv:hep-th/0201112 [hep-th]. [Teor. Mat. Fiz.133,69(2002)].
[7] E. Sezgin and P. Sundell, “Massless higher spins and holography,”
Nucl. Phys. B644 (2002) 303–370, arXiv:hep-th/0205131 [hep-th].
[Erratum: Nucl. Phys.B660,403(2003)]. • I. R. Klebanov and A. M. Polyakov,
“AdS dual of the critical O(N) vector model,”
Phys. Lett. B550 (2002) 213–219, arXiv:hep-th/0210114 [hep-th].
[8] M. A. Vasiliev, “Consistent equation for interacting gauge fields of all spins in
(3+1)-dimensions,” Phys. Lett. B243 (1990) 378–382. • M. A. Vasiliev, “More
on equations of motion for interacting massless fields of all spins in
(3+1)-dimensions,” Phys. Lett. B285 (1992) 225–234. • M. A. Vasiliev,
“Nonlinear equations for symmetric massless higher spin fields in (A)dS(d),”
Phys. Lett. B567 (2003) 139–151, arXiv:hep-th/0304049 [hep-th].
[9] X. Bekaert, E. Joung, and J. Mourad, “Effective action in a higher-spin
background,” JHEP 02 (2011) 048, arXiv:1012.2103 [hep-th].
[10] R. Penrose and W. Rindler, Spinors and space-time: Volume 2, Spinor and
twistor methods in space-time geometry. Cambridge University Press, 1988. •
35
S. A. Huggett and K. P. Tod, An introduction to twistor theory, vol. 4.
Cambridge University Press, 1994.
[11] N. Woodhouse, “Real methods in twistor theory,” Classical and Quantum
Gravity 2 (1985) 257–291.
[12] T. Adamo, Twistor actions for gauge theory and gravity. PhD thesis,
Cambridge U., DAMTP, 2013. arXiv:1308.2820 [hep-th].
[13] M. Wolf, “A First Course on Twistors, Integrability and Gluon Scattering
Amplitudes,” J. Phys. A43 (2010) 393001, arXiv:1001.3871 [hep-th].
[14] E. Witten, “Perturbative gauge theory as a string theory in twistor space,”
Commun. Math. Phys. 252 (2004) 189–258,
arXiv:hep-th/0312171 [hep-th].
[15] W. Siegel, “N=2, N=4 string theory is selfdual N=4 Yang-Mills theory,”
Phys. Rev. D46 (1992) 3235–3238, arXiv:hep-th/9205075 [hep-th].
[16] G. Chalmers and W. Siegel, “The Selfdual sector of QCD amplitudes,”
Phys. Rev. D54 (1996) 7628–7633, arXiv:hep-th/9606061 [hep-th].
[17] L. J. Mason, “Twistor actions for non-self-dual fields: A Derivation of
twistor-string theory,” JHEP 10 (2005) 009,
arXiv:hep-th/0507269 [hep-th].
[18] R. Boels, L. J. Mason, and D. Skinner, “Supersymmetric Gauge Theories in
Twistor Space,” JHEP 02 (2007) 014, arXiv:hep-th/0604040 [hep-th].
[19] N. Berkovits and E. Witten, “Conformal supergravity in twistor-string
theory,” JHEP 08 (2004) 009, arXiv:hep-th/0406051 [hep-th].
[20] T. Adamo and L. Mason, “Einstein supergravity amplitudes from
twistor-string theory,” Class. Quant. Grav. 29 (2012) 145010,
arXiv:1203.1026 [hep-th].
[21] T. Adamo and L. Mason, “Conformal and Einstein gravity from twistor
actions,” Class. Quant. Grav. 31 no. 4, (2014) 045014,
arXiv:1307.5043 [hep-th].
[22] L. J. Mason and D. Skinner, “Gravity, Twistors and the MHV Formalism,”
Commun. Math. Phys. 294 (2010) 827–862, arXiv:0808.3907 [hep-th].
[23] R. Penrose, “Nonlinear gravitons and curved twistor theory,” General
Relativity and Gravitation 7 no. 1, (1976) 31–52.
36
[24] M. Eastwood and P. Tod, “Edth-a differential operator on the sphere,” in
Mathematical Proceedings of the Cambridge Philosophical Society, vol. 92, 02,
pp. 317–330, Cambridge Univ Press. 1982. • P. Law, “Complex structure of
deformed twistor space, in ‘Further Advances in Twistor Theory’,” 2001.
[25] J. Maldacena, “Einstein Gravity from Conformal Gravity,”
arXiv:1105.5632 [hep-th].
[26] T. Adamo and L. Mason, “Twistor-strings and gravity tree amplitudes,”
Class. Quant. Grav. 30 (2013) 075020, arXiv:1207.3602 [hep-th].
[27] A. Hodges, “A simple formula for gravitational MHV amplitudes,”
arXiv:1204.1930 [hep-th].
[28] C. Fronsdal, “Massless Fields with Integer Spin,”
Phys. Rev. D18 (1978) 3624.
[29] J. Fang and C. Fronsdal, “Massless Fields with Half Integral Spin,”
Phys. Rev. D18 (1978) 3630.
[30] B. de Wit and D. Z. Freedman, “Systematics of Higher Spin Gauge Fields,”
Phys. Rev. D21 (1980) 358. [,263(1979)].
[31] P. Benincasa and F. Cachazo, “Consistency Conditions on the S-Matrix of
Massless Particles,” arXiv:0705.4305 [hep-th].
[32] L. Mason, “Local twistors and the Penrose transform for homogeneous
bundles, in “Further Advances in Twistor Theory”, vol. I, Pitman Research
Notes in Math., No. 231,” 1990.
[33] L. Mason, “The relationship between spin-2 fields, linearized gravity and
linearized conformal gravity,” Twistor Newsletter 23 (1987) 67.
[34] S. Weinberg, “Photons and Gravitons in S-Matrix Theory: Derivation of
Charge Conservation and Equality of Gravitational and Inertial Mass,”
Phys. Rev. 135 (1964) B1049–B1056.
[35] R. Marnelius, “Lagrangian conformal higher spin theory,”
arXiv:0805.4686 [hep-th]. • M. A. Vasiliev, “Bosonic conformal
higher-spin fields of any symmetry,” Nucl. Phys. B829 (2010) 176–224,
arXiv:0909.5226 [hep-th].
[36] G. Chalmers and W. Siegel, “Dual formulations of Yang-Mills theory,”
arXiv:hep-th/9712191 [hep-th].
[37] R. J. Riegert, “The particle content of linearized conformal gravity,”
Phys. Lett. A105 (1984) 110–112.
37
[38] L. P. S. Singh and C. R. Hagen, “Lagrangian formulation for arbitrary spin. 1.
The boson case,” Phys. Rev. D9 (1974) 898–909.
[39] E. Witten, “Parity invariance for strings in twistor space,”
Adv. Theor. Math. Phys. 8 no. 5, (2004) 779–796,
arXiv:hep-th/0403199 [hep-th].
[40] R. G. Leigh, O. Parrikar, and A. B. Weiss, “Holographic geometry of the
renormalization group and higher spin symmetries,”
Phys. Rev. D89 no. 10, (2014) 106012, arXiv:1402.1430 [hep-th]. • R. G.
Leigh, O. Parrikar, and A. B. Weiss, “Exact renormalization group and
higher-spin holography,” Phys. Rev. D91 no. 2, (2015) 026002,
arXiv:1407.4574 [hep-th].
[41] M. Taronna, “Pseudo-local Theories: A Functional Class Proposal,” in
International Workshop on Higher Spin Gauge Theories Singapore, Singapore,
November 4-6, 2015. 2016. arXiv:1602.08566 [hep-th].
[42] D. J. Saunders, The geometry of jet bundles, vol. 142. Cambridge University
Press, 1989.
[43] L. J. Mason and M. Wolf, “Twistor Actions for Self-Dual Supergravities,”
Commun. Math. Phys. 288 (2009) 97–123, arXiv:0706.1941 [hep-th].
[44] O. V. Shaynkman, I. Yu. Tipunin, and M. A. Vasiliev, “Unfolded form of
conformal equations in M dimensions and o(M + 2) modules,”
Rev. Math. Phys. 18 (2006) 823–886, arXiv:hep-th/0401086 [hep-th].
[45] T. Adamo, M. Bullimore, L. Mason, and D. Skinner, “Scattering Amplitudes
and Wilson Loops in Twistor Space,” J. Phys. A44 (2011) 454008,
arXiv:1104.2890 [hep-th].
[46] L. J. Mason and D. Skinner, “Scattering Amplitudes and BCFW Recursion in
Twistor Space,” JHEP 01 (2010) 064, arXiv:0903.2083 [hep-th].
[47] B. Feng and S. He, “Graphs, determinants and gravity amplitudes,”
JHEP 10 (2012) 121, arXiv:1207.3220 [hep-th].
[48] R. R. Metsaev, “Arbitrary spin conformal fields in (A)dS,”
Nucl. Phys. B885 (2014) 734–771, arXiv:1404.3712 [hep-th]. • T. Nutma
and M. Taronna, “On conformal higher spin wave operators,”
JHEP 06 (2014) 066, arXiv:1404.7452 [hep-th]. • M. Beccaria,
X. Bekaert, and A. A. Tseytlin, “Partition function of free conformal higher
spin theory,” JHEP 08 (2014) 113, arXiv:1406.3542 [hep-th].
38
[49] S. Giombi, I. R. Klebanov, S. S. Pufu, B. R. Safdi, and G. Tarnopolsky, “AdS
Description of Induced Higher-Spin Gauge Theory,” JHEP 10 (2013) 016,
arXiv:1306.5242 [hep-th]. • A. A. Tseytlin, “On partition function and
Weyl anomaly of conformal higher spin fields,”
Nucl. Phys. B877 (2013) 598–631, arXiv:1309.0785 [hep-th].
[50] M. F. Atiyah, N. J. Hitchin, and I. M. Singer, “Self-duality in
four-dimensional Riemannian geometry,” in Proceedings of the Royal Society
of London A: Mathematical, Physical and Engineering Sciences, vol. 362,
1711, pp. 425–461, The Royal Society. 1978.
